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Abstract
We show that the global mixed gauge-gravitational anomaly of the worldvolume theory of
the M5-brane vanishes, when the anomaly inflow from the bulk is taken into account. This
result extends to the type IIA and heterotic E8 ˆ E8 five-branes. As a by-product, we pro-
vide a definition of the chiral fermionic fields for generic non-spin M5-brane worldvolume and
determine the coupling between the self-dual field and the M-theory C-field.
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1 Introduction and summary
The constraints coming from the cancellation of anomalies have been determinant in the devel-
opment of string theory. However it is maybe not widely appreciated that we are still far from
having checked the cancellation of all anomalies in the low energy effective field theories arising
from string theory and M-theory. For instance, relatively few cancellation checks have been
performed for global gravitational anomalies [1]. The latter are anomalous phases picked by the
correlation functions of quantum field theories under large diffeomorphisms of spacetime. They
have to vanish in any theory in which the diffeomorphism symmetry is supposed to be gauged,
and their cancellation is a direct analogue of the well-known constraint of modular invariance
on the string worldsheet. Previous checks of global anomaly cancellation in dimension higher
2
than 2 include type I supergravity [1, 2], 11-dimensional supergravity [3, 4] and type IIB su-
pergravity [5]. In the present paper, we use recent results concerning the global gravitational
anomaly of the self-dual field [6, 5, 7] in order to check the cancellation of global mixed gauge-
gravitational anomalies in M-theory backgrounds containing M5-branes. The cancellation of
local gravitational anomalies in such backgrounds was checked in [8, 9, 10, 11].
Let us quickly recall some generalities about global anomalies. A more detailed discussion
can for instance be found in [1, 12, 13, 7]. Consider a quantum field theory in d dimensions
coupled to a background metric and/or gauge field. We will denote the space of background
fields by B. The partition function Z of the theory can be pictured as a function over B. The
group G of diffeomorphisms and/or gauge transformations act on B. An anomaly is present if
Z is not invariant under this action. In dimension higher than 2, it is in general hard to obtain
an expression for Z which is explicit enough to check its invariance directly.
The way around this difficulty consists in seeing Z as the pullback to B of a section of a
line bundle A over the quotient F :“ B{G. It turns out that A carries a natural connection
∇A , whose curvature and holonomies are computable. If all the holonomies of ∇A turn out
to be trivial, then the connection ∇A defines a global trivialization of A , and the pullback of
any section of A yields a G-invariant function over B. The triviality of the holonomies of ∇A
implies the invariance of Z, and hence the absence of anomalies.
The well-known local anomaly is directly related to the curvature form of ∇A . But the
cancellation of the local anomaly is no guarantee of the invariance of Z: A might still be
a flat line bundle with non-trivial holonomies. This corresponds to a situation where the
partition function is invariant under infinitesimal diffeomorphisms, but not necessarily under
diffeomorphisms disconnected from the identity. The global anomaly is the set of holonomies of
∇A , and its cancellation does ensure the invariance of Z under the full group of diffeomorphisms.
In the case of the M5-brane worldvolume theory, the anomaly has three sources. Two of
them are chiral fields on the worldvolume, namely chiral fermions valued in the normal bundle
and a self-dual 2-form field. In addition, there is an anomaly inflow due to the Chern-Simons
term in the bulk of M-theory. The global anomalies of chiral fermionic theories have been
known since the 1980’s [1, 14]. A first step toward the understanding of the global anomaly of
the self-dual field was taken in [1], but it was understood on arbitrary manifolds much more
recently in [5, 7]. The contribution of the anomaly inflow is given by the holonomies of the
Chern-Simons line bundle [15] defined by the Chern-Simons M-theory term.
However, before we can apply these known formulas, the worldvolume theory has to be
defined precisely. The first issue concerns the coupling of the self-dual field to the C-field. As
the M5-brane sources the C-field, the latter is defined only on the complement of the M5-brane
worldvolume M in the spacetime Y . As a consequence, there is no obvious restriction map from
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Y to M for the C-field. The C-field can however be restricted to a degree 4 shifted differential
cocycle Cˇ on the boundary M˜ of a tubular neighborhood of M . It appears that the self-dual
field on M couples to CˇM “
1
2
π˚pCˇ Y Cˇq, where π˚ is the pushforward map associated to the
4-sphere bundle M˜ Ñ M . This definition restricts to the intuitive one when the topology of
the M5-brane worldvolume is trivial. We also show that under this map, the quantization of Cˇ,
shifted by one-fourth of the first Pontryagin class of Y , turns into a quantization of CˇM shifted
by the Wu class ofM . The latter shift is exactly what is needed to make sense of the coupling of
the worldvolume self-dual field to the C-field [9, 16, 17, 7]. The definition of the chiral fermions
is also not completely straightforward, as the worldvolume of the M5-brane is not necessarily
spin (Section 3.1). After these technical details are straightened out, it is relatively easy to
check that the total global anomaly vanishes, using earlier results about the local anomaly [9].
A limitation of our computation should be mentioned. In order to obtain practical formulas
for global anomalies, we need to extend certain topological data from a seven-dimensional
manifoldMc to an eight-dimensional manifoldW admittingMc as its boundary. Such extension
problems can have obstructions, which can be computed using cobordism theory. In Appendix
C, we describe the relevant cobordism group ΩM512 . We show that it vanishes modulo torsion,
but we are currently unable to compute the full group. If ΩM512 turned out to be non-zero, the
anomaly cancellation check above would show that the holonomies of ∇A are trivial only along
certain loops in F , namely the ones whose associated mapping torus defines a trivial cobordism
class.
The paper is organized as follows. We start by quickly reminding the reader of the modeling
of gauge fields by differential cocycles in Section 2.1, and of the topology and geometry of
the M5-brane in Section 2.2. We review the M-theory C-field and define its restriction to the
worldvolume of the M5-brane in Section 2.3. We define the space of background fields B relevant
to the study of the anomalies of the worldvolume theory in Section 2.4. We then describe two
constructions which are crucial to the computation of global anomalies. In Section 2.5, we
explain how to associate a mapping torus endowed with a metric and a C-field to a loop in B{G,
and how to extend it to a manifold bounded by the mapping torus in Section 2.6. In Section 3,
we review in turn the contributions to the global anomaly of the chiral fermions, the self-dual
field and the anomaly inflow. We check that these contributions cancel in Section 3.4. Some
technical details appear in the Appendices.
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2 Geometrical setup
2.1 A reminder about differential cocycles
Differential cocycles provide an accurate way of modeling abelian gauge fields and their higher
p-form analogues (see for instance [18]). We review briefly this formalism here in order to set up
notations. Denote by CppY,Rq the space of R-valued cochains of degree p on Y and ZppY,Rq
the associated space of cocycles. Let λˆ P ZppY,R{Zq. (In the following, a hat will denote a
cocycle or a cohomology class and a check will denote a differential cocycle.) A differential
cochain of degree p on Y shifted by λˆ is an element
Aˇ “ paAˇ, hAˇ, ωAˇq P C
ppY,Rq ˆ Cp´1pY,Rq ˆ ΩppY,Rq “ CˇpY q , (2.1)
subject to aAˇ “ λˆ mod 1. We define a differential d acting on the space of shifted differential
cochains as follows:
dAˇ “ pdaAˇ, ωAˇ ´ dhAˇ ´ aAˇ, dωAˇq , (2.2)
where we are abusing the notation by using d for the differentials on the space of differential
cochains, on the space of cochains and on the space of differential forms. One can easily check
that d2 “ 0 on CˇpY q. A differential cocycle is a closed differential cochain with respect to d,
and we will write Zˇp
λˆ
pY q for the space of differential cocycles of degree p on Y shifted by λˆ.
Given a differential cocycle Aˇ, we will call aAˇ the characteristic class of Aˇ, and ωAˇ the
curvature of Aˇ. If a degree p differential cocycle Aˇ is used to model an abelian p ´ 1-form
gauge field, ωAˇ is the field strength of the gauge field, so we will use the terms “curvature”
and “field strength” interchangeably. We refer the reader to [18] and Section 2.2 of [7] for
more explanations about the physical interpretation of (shifted) differential cocycles in terms
of abelian gauge fields.
We also define an equivalence relation on the space of (shifted) differential cocycles: any two
differential p-cocycles are equivalent if they differ by the differential of an unshifted differential
p´ 1-cochain with vanishing curvature. In equations, if Bˇ “ paBˇ , hBˇ , 0q, aBˇ “ 0 mod 1,
Aˇ » Aˇ` dBˇ (2.3)
or explicitly
paAˇ, hAˇ, ωAˇq » paAˇ ` daBˇ , hAˇ ´ dhBˇ ´ aBˇ , ωAˇq . (2.4)
Equivalent cocycles represent gauge equivalent gauge fields. The gauge group Gpgauge acting of
degree p (shifted) differential cocycles can be described by the following short exact sequence
(see Section 2.2 of [7]):
0 Ñ Ωp´1exactpMq Ñ G
p
gauge Ñ H
p´1pM ;Zq Ñ 0 . (2.5)
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Ω
p´1
exactpMq is interpreted as the “small” gauge transformations shifting the gauge field by exact
forms. Modulo torsion, the group of connected components Hp´1pM ;Zq describes homotopy
classes of “large” gauge transformations shifting the gauge field by closed forms with integral
periods.
2.2 The M5-brane geometry
We consider an M-theory background containing an M5-brane. An eleven-dimensional oriented
spin manifold Y represents the M-theory spacetime. As is familiar in the treatment of anomalies,
we will take Y to be compact. In the non-compact case, we would anyway be only interested in
compactly supported diffeomorphisms and gauge transformations. We could always modify Y
outside the support of the transformations in order to turn it into a compact manifold. (This
can possibly require adding additional five-brane sources in order to satisfy the Gauss law, if
there is a non-trivial flux at the boundary of Y .) The variation of the partition function under
compactly supported transformations (i.e. the anomaly) is not influenced by such modifications.
Inside Y , we consider a six-dimensional compact oriented manifold M , on which an M5-brane
is wrapped.
We write N Ñ M for the normal bundle of M in Y . From the fact that both M and Y
are orientable and Y is spin, the following relations are satisfied by the Stiefel-Whitney classes
of TM and N [16]:
w1pN q “ 0 , w2pN q “ w2pMq . (2.6)
We endow Y with a Riemannian metric gY . gY induces a metric on TY |M » TM ‘N . We
also obtain a metric gM on M . Let N be the tubular neighborhood of M of constant radius δ,
with 0 ă δ ăă 1. In the following, we will always keep the dependence on δ implicit. M˜ :“ BN
is a 4-sphere bundle over M and we will write π for the projection map. M˜ inherits a metric
gM˜ from its embedding in Y .
2.3 The restriction of the C-field
We will model the M-theory C-field Cˇ by a degree 4 shifted differential cocycle on Y zM :
Cˇ P Zˇ4
λˆY
pY zMq. The shift λˆY is given by
1
4
pˆ1pTY q modulo 1, half the pullback of a cocycle
generating H4pBSpin;Zq via a classifying map for TY [3, 19]. As the notation suggests, 4λˇY is
an even integral cocycle representing the first Pontryagin class of TY . In particular, this means
that the field strength G :“ ωCˇ of Cˇ satisfies the shifted quantization law
G “ G1 `
1
4
p1pTY q (2.7)
where G1 belong to the group Ω4
Z
pY zMq of degree 4 differential forms with integral periods on
Y zM and p1pTY q is the first Pontryagin form of TY . The periods of G are half-integral.
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There exist different equivalent models for the C-field [20], in particular a model involving
an E8 gauge bundle [3], which is useful in heterotic M-theory. A general model combining
the features of the E8 and differential cohomology models has also been proposed in [21].
Nevertheless, the model presented above allows for concrete computations and will suffice for
our purpose.
The M5-brane acts as a magnetic source for the C-field. This implies that the integral of G
on a 4-sphere in Y linkingM is equal to 1. As a result, G, and hence Cˇ, is defined only on Y zM .
This poses a problem, because we expect the self-dual field on the M5-brane worldvolume to
be sourced by the restriction of the C-field to M . Defining this restriction is non-trivial.
While the C-field cannot be straightforwardly restricted to M , it can be restricted to the 4-
sphere bundle M˜ . This gives a degree 4 differential cocycle CˇM˜ shifted by λˆM˜ “
1
4
pˆ1pTY |M˜q “
1
4
pˆ1pTM˜ q. We have a long exact sequence in cohomology starting by
0Ñ H4pM ;Zq
π˚
Ñ H4pM˜ ;Zq
π˚
Ñ H0pM ;Zq
eˆpN qY
Ñ ... (2.8)
where eˆpN q is the Euler class and H0pM ;Zq » Z. We show in Appendix A that eˆpN q vanishes,
which implies that
H4pM˜ ;Zq » H4pM ;Zq ‘ Z (2.9)
non-canonically. If there existed a canonical decomposition (2.9), we could define unambigu-
ously the cohomology class of the restriction of the C-field to M to be the component on
H4pM ;Zq in (2.9). There exists such a canonical choice of decomposition if w4pN q “ 0,
namely half the Euler class of the vertical tangent bundle of M˜ Ñ M , but not otherwise.
Moreover, there seems to be no way to extend the cohomology class to a canonical differential
cocycle, as would be needed to define a canonical restriction of the C-field to M .
There is however a less obvious way of defining a restriction of the C-field:
CˇM :“
1
2
¨ π˚pCˇM˜ Y CˇM˜ q , (2.10)
where Y is the cup product on differential cohomology [22] and 1
2
denotes the division by 2
of each of the components of the shifted differential cocycle π˚pCˇM˜ Y CˇM˜ q. Because of the
division by 2, it is a priori not obvious that this definition is gauge invariant, namely that the
differential cohomology class of CˇM depends only on the differential cohomology class of CˇM˜ .
This can however be checked explicitly. Upon a gauge transformation CˇM˜ Ñ CˇM˜ ` Bˇ with Bˇ
as in (2.3), we have CˇM Ñ CˇM ` π˚pCˇM˜ Y Bˇq, which is indeed a gauge transformation of CˇM .
We claim that the self-dual field on the M5-brane couples to CˇM , as defined in (2.10).
Suppose that we use the parameterization CˇM˜ “ fˇ ` π
˚pCˇ 1q, where fˇ is an unshifted
differential cocycle, defining a particular splitting (2.9), and Cˇ 1 is a differential cocycle on M .
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Results of Appendix B show that Cˇ 1 is shifted by 1
4
pˆ1pTM ‘N q. Then we have
CˇM “
1
2
π˚pfˇ Y fˇq ` Cˇ
1 , (2.11)
so CˇM depends linearly on Cˇ
1. If the bundle N is trivial, then M˜ “ M ˆ S4. We can take fˇ
to be a pullback from S4 and the first term in (2.11) vanishes, showing that we recover what
we would intuitively call the restriction of the C-field to M in this case, namely CˇM “ Cˇ
1.
Less trivially, we show in Appendix B that the fact that CˇM˜ is a differential cocycle shifted
by 1
4
pˆ1pTY |M˜ q implies that CˇM is a differential cocycle shifted by the Wu class of M . This is
exactly the shift required to couple CˇM˜ consistently to the self-dual field on M [9], and implies
that the global anomaly formula for the self-dual field derived in [7] can be applied. In contrast,
the restriction based on a splitting (2.9) does not produce the correct shift, in addition to failing
to be unique.
CˇM acts as a source for the self-dual field. Naively, this means that the degree 3 differential
cocycle Hˇ representing the self-dual field trivializes CˇM . However, the analog of a Freed-Witten
anomaly [23] makes this statement true only up to an unshifted torsion differential cocycle Sˇ
[16, 19, 24, 7]:
dHˇ “ CˇM ` Sˇ , (2.12)
where Sˇ “ paSˇ , hSˇ , 0q and aSˇ P Z
4pM,Zq represents a torsion class in integral cohomology.
Let us explain this point in more detail. Recall that the Freed-Witten anomaly forces the
restriction of the B-field to a non-spinc submanifold wrapped by a D-brane to have a non-
trivial torsion characteristic class. Analogously, in the case of the M5-brane, an anomaly forces
raCˇM s “ raSˇs P H
4pM,Zq, i.e. the characteristic class of the C-field is required to restrict to
a possibly non-vanishing torsion class on the worldvolume of the M5-brane. If this constraint
is not satisfied, the partition function of the self-dual field vanishes identically. There is no
closed expression for Sˇ, but a detailed characterization can be found in Section 3.7 of [7]. In
components, (2.12) is equivalent to
daHˇ “ aCˇM ` aSˇ , ωHˇ ´ dhHˇ ´ aHˇ “ hCˇM ` hSˇ , dωHˇ “ GM , (2.13)
where we write GM for the field strength of CˇM . Throughout this paper, we always assume
that CˇM satisfies the constraint above. Remark that a shifted differential cocycle can be exact
only if the shift is trivial. But the Wu class of degree k of a manifold of dimension less than
2k necessarily vanishes, so CˇM is actually an unshifted differential cocycle. Nevertheless, the
fact that CˇM is secretely shifted by the Wu class cannot be ignored, it will play an important
role in the computation of the anomaly, where CˇM has to be extended to an eight-dimensional
manifold.
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2.4 The space of background fields
We can now describe the space of background fields relevant for the study of the M5-brane
gauge and gravitational anomalies.
Let C Ă Zˇ4
λˆY
pY zMq be the space of differential cocycles on Y zM shifted by λˆY such that
the integral of their field strength along a 4-sphere linking M is 1. Let M be the space of
Riemannian metrics on Y . The space of background fields is
B “ C ˆM . (2.14)
B admits a natural action of the group G generated by gauge transformations and diffeomor-
phisms. More precisely, the group of gauge transformations of the C-field is G4gaugepY q (cf. (2.5)).
The group of diffeomorphisms D is the group of orientation-preserving spin diffeomorphisms of
Y preserving M . The total symmetry group is
G “ G4gaugepY q ¸D , (2.15)
where the action of D on G4gaugepY q is by pullbacks. We will refer to G as the group of local
transformations and write F “ B{G for the quotient space. The five-brane partition function
and the bulk Chern-Simons term define line bundles with connections over F . Our task to
prove the absence of global anomalies in M-theory backgrounds containing five-branes will be
to compute the holonomies of these connections along loops in F , and show that they cancel
each other for all loops.
2.5 Mapping tori
In this section, we show how to associate a 4-sphere bundle over a mapping torus of dimension
7 to a loop c in F , endowed with a metric and a C-field. This construction will be of central
importance for the computation of global anomalies.
Given a diffeomorphism φ of Y , the associated mapping torus Yφ is the quotient of Y ˆ I
by the equivalence relation py, 1q “ pφpyq, 0q. Yφ is a fiber bundle over S
1 with fiber Y . The
diffeomorphism entering the construction of Yc is a diffeomorphism φ such that pp1q “ φ
˚pp0q,
where p is a path in B lifting c. As φ is a spin diffeomorphism, Yc is oriented and spin. Combined
with the bounding spin structure on S1, the spin structure on Y induces a spin structure on
Yc. The choice of the bounding spin structure avoids extra signs in the global anomaly formula
for the fermions, as is discussed above Proposition 5.7 of [25].
A point in B determines a metric and a C-field on the space-time Y . The path p therefore
determines a metric gt on the fiber above t of Yc, which glues smoothly at t “ 0 „ 1. We obtain
a metric gYc over the full mapping torus by picking a metric gS1 on S
1:
gYc “ gt ‘ gS1{ǫ , (2.16)
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where we rescaled the metric on S1 by a factor ǫ P R`. The “adiabatic limit” [1] is the
limit ǫ Ñ 0, in which the size of the base of Yc blows up. The quantities of interest for the
computations of anomalies become independent of gS1 in the adiabatic limit [14, 7].
As the diffeomorphism preserves M , we obtain in Yc a mapping torus Mc with fiber M .
Let Nc be the tubular neighborhood of Mc in Yc with radius δ, and M˜c its boundary. M˜c is a
4-sphere bundle over Mc. It is also a mapping torus with fiber M˜ . We can restrict the metric
and the C-field on Yc to M˜c. Let Nc be the normal bundle of Mc in Yc. The orientability of Yc
and Mc, together with the fact that Yc is spin, imply that Mc and Nc satisfy (2.6).
We also obtain from the path p a family of degree 4 shifted differential cocycles, i.e. of C-
fields, living on the fibers of YczMc. It is possible to extend this family to a degree 4 differential
cocycle on YczMc shifted by λˆYc :“
1
4
pˆ1pYcq, as shown in Lemma 3.3 and Corollary 3.4 of [7].
Finally, denote by CˇM˜c the restriction of the C-field on M˜c. We can define a C-field on
Mc by CˇMc “
1
2
π˚pCˇM˜c Y CˇM˜cq, where π : M˜c Ñ Mc is the bundle map. CˇMc is a differential
cocycle shifted by the Wu class of Mc, as shown in Appendix B.
2.6 Bounded manifolds
Our computation of the global gravitational anomaly will require that the 4-sphere bundle
M˜c Ñ Mc extends to a 4-sphere bundle W˜ Ñ W , for W a manifold bounded by Mc. We also
require that the associated rank 5 vector bundle NW Ñ W satisfies the same conditions (2.6)
as N . In addition, we require that the Euler class of NW vanishes. As explained in Appendix
A, this is automatic on manifolds of dimension 6 and 7, but not on manifolds of dimension 8.
As the second Stiefel-Whitney class of TW ‘ NW vanishes, this bundle admits a spin
structure (i.e. a lift of the associated frame bundle to the simply connected cover of SOp6q ˆ
SOp5q). We take the spin structure to extend the spin structure present on the corresponding
bundle over the boundary Mc.
We pick a metric gW˜ on W˜ extending the metric on M˜c. gW˜ depends implicitly on the
parameters δ and ǫ. We require that the C-field on M˜c extends to W˜ as a differential cocycle
of degree 4 CˇW˜ shifted by λˆW˜ :“
1
4
pˆ1pW˜ q. The field strength of CˇW˜ automatically integrates
to 1 on the 4-sphere fibers of W˜ . Remark that such a C-field would not exist if the Euler class
of NW was non-vanishing, as can be seem from the exact sequence (2.8). As before, we define
the restriction of the C-field to W as CˇW “
1
2
π˚pCˇW˜ Y CˇW˜ q, where π is the bundle map. CˇW
is a differential cocycle shifted by the Wu class of W . Unlike in lower dimension, the Wu class
of W does not vanish in general. We will write GW˜ and GW for the field strengths of CˇW˜ and
CˇW .
Computing the obstruction to the existence of W˜ is a non-trivial cobordism problem that
we discuss in Appendix C. Should such an obstruction exist, the check of anomaly cancellation
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performed below would not extend to the loops c such that W˜ does not exist, i.e. to the loops
c such that Mc defines a non-trivial class in the cobordism group Ω
M5
12 defined in Appendix C.
3 Global anomalies
We now review in turn the contributions to the global anomaly of the worldvolume theory of
the M5-brane, and check that the sum of these contributions vanishes.
3.1 Chiral fermions
If M is spin, N admits a spin structure as well and the fermions of the worldvolume M5-brane
theory are (odd) real sections of S TM` bS
N . S TM` is the bundle of positive chirality spinors
over M and S N is the spin bundle associated to N . In Lorentz signature, S TM` carries
a quaternionic structure, because the Clifford algebra is quaternionic in 6 dimensions. S N
admits as well a quaternionic structure, because the structure group of N is SOp5q » Spp4q.
The product of these two structures defines a real structure on S TM` bS
N , under the action
of which the fermions are invariants. However, in general M is not spin and a more elaborate
construction is required to define the fermionic fields.
Let S TY be the spinor bundle over Y . Over M , the structure group of TY factorizes to
SOp6q ˆ SOp5q. Let U Ă M be an open set such that w2pMq|U “ w2pN q|U “ 0, and assume
that the lift of the Spinp11q principal bundle associated to the spin structure on Y reduces to
a Spinp6q ˆ Spinp5q principal bundle over U . We can always cover M with such sets. Over U ,
we can define spin bundles S TM |U and S
N |U associated to TM |U and N |U . We have
S
TY |U “ S
TM |U bS
N |U . (3.1)
S TY |M is therefore a well-defined bundle over M that reduces on U to S
TM |U bS
N |U .
We now explain how to define a “chiral” version S TY` of S
TY |M , which reduces to S
TM
` b
S N over open sets U of the type discussed above. The chirality element Γ6 in the Clifford
algebra Clp6q defines a decomposition of S TM |U “ S
TM
` |U ‘ S
TM
´ |U into chiral spinors,
which induces a decomposition S TY |U “ S
TY
` |U ‘ S
TY
´ |U . We have to check whether this
decomposition can be extended globally over M . But this is easily seen to be the case. If M is
not spin, the Spinp6q-valued transition functions that one would use to define S TM might fail
to satisfy the cocycle condition on triple intersections. This failure can at worse be a sign. As
the chirality element is an even element of the Clifford algebra, it is globally well-defined. We
therefore have a global decomposition
S
TY |M “ S
TY
` ‘S
TY
´ . (3.2)
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Finally, we have to describe a real structure on S TY` reducing to the real structure defined
above when M is spin. This real structure needs to exist only when the metric on M has
Lorentzian signature. But this is immediate: the Clifford algebra is real in 11 dimensions
with Lorentzian signature. This induces a real structure on S TY which in turn induces a real
structure on S TY` .
The chiral fermions on the worldvolume theory of the M5-brane are therefore (odd) sections
of S TY` . The metric on TY |M defines a Levi-Civita connection on TY |M , which induces a
unique spin connection on S TY |M . We have an associated Dirac operator
D : ΓpS TY |M q Ñ ΓpS
TY |M q , (3.3)
where ΓpBq indicates the space of sections of a bundle B. D changes the parity of the sections
with respect Γ6, so we can define the chiral Dirac operator
D` :“ D|ΓpS TY
`
q : S
TY
` Ñ S
TY
´ . (3.4)
We have D “ D` `D´, D´ “ pD`q
:.
Consider now a loop c in the space of background fields F . Following the discussion in
Sections 2.6 and 2.5, we have a mapping torus Mc endowed with a rank 5 bundle Nc whose
Stiefel Whitney classes satisfy (2.6). Nc Ñ Mc is the boundary of a rank 5 vector bundle
NW ÑW satisfying (2.6) as well.
Recall that TW ‘ NW is endowed with a spin structure. We can therefore repeat the
arguments above and construct the Dirac operator (3.3). The only construction that does not
carry over is the real structure. Indeed, TW ‘NW has dimension 13, so the associated Dirac
operator DW is quaternionic in Euclidean signature. (Another way to see this is to remark that
the Clifford bundle of NW stills carries a quaternionic structure, but that the Clifford bundle
of TW is now endowed with a real structure. The tensor product of these two structures yield
a quaternionic structure.) Writing If for the index density of DW , the standard formula for
the global gravitational anomaly of the chiral fermions on the world-volume of the M5-brane
is given by an eta invariant [1, 14, 25]. Using the Atiyah-Patodi-Singer theorem [26], we can
express the latter using W [1]:
1
2πi
ln holAf pcq “ limǫÑ0
1
2
ˆ
indexpDW q ´
ż
W
If
˙
. (3.5)
In the equation above, Af is the anomaly line bundle of the chiral fermions, which is the
pfaffian line bundle of the chiral Dirac operator D`, endowed with its Bismut-Freed connection
[14]. holAf is the holonomy of this connection, and in order to compute it, we need to take
the adiabatic limit ǫ Ñ 0. Remark that as DW is quaternionic, its index is necessarily even.
Therefore the first term on the right-hand side of (3.5) does not contribute to the holonomy.
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The degree 8 component of If was computed in [9] in terms of the characteristic classes of
TW and NW . (r9s implicitly assumed W to be spin, but as the index density can be computed
locally, we can always perform the computation by restricting the bundle to an open set U
which is spin.):
I
r8s
f “
´
AˆpTW qchpNW q
¯r8s
“
1
5760
`
28p1pTW q
2 ´ 16p2pTW q ` 120p1pTW qp1pNW q (3.6)
` 60p1pNW q
2 ` 240p2pNW q
˘
,
where p.qr8s denotes the 8-form component.
3.2 Self-dual 2-form
We now turn to the self-dual 2-form on the worldvolume of the M5-brane. A formula for the
global anomaly of the self-dual field was determined in [1], but only in the case when the
self-dual field has no zero modes, or equivalently when the middle-degree cohomology of the
underlying manifold vanishes. A general formula for the gravitational anomaly was determined
in [5], building on [6, 27]. The formula below, which includes the coupling to a background
abelian gauge field, was proven in [7].
The self-dual field can consistently couple only to a gauge field shifted by the Wu class.
Fortunately, as we saw above, this is the case for CˇM and its extension CˇW . It was shown in
[7] that the global mixed gauge-gravitational anomaly of the self-dual field theory associated to
a loop c in F can be computed on W as follows:
1
2πi
ln holASDpcq “ lim
ǫÑ0
1
8
ż
W
`
LpTW q ´ 4G2W
˘
. (3.7)
holASD is the holonomy of the natural connection on the anomaly line bundle ASD of the
self-dual field. LpTW q is the Hirzebruch L-genus of TW , and GW is the field strength of
CˇW “
1
2
π˚pCˇW˜ Y CˇW˜ q.
3.3 Anomaly inflow
We now turn to the anomaly inflow from the bulk of the M-theory spacetime. Let us recall
briefly the inflow mechanism. The low energy effective action of M-theory on Y contains a
Chern-Simons term, given schematically by
CS11 “ 2πi
ż
Y
ˆ
1
6
C ^G^G´ C ^ I8
˙
, (3.8)
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where
I8 “
1
48
˜
p2pY q `
ˆ
p1pY q
2
˙2¸
. (3.9)
These equations are problematic when the C-field is topologically non-trivial and a more refined
formulation can be found in [19]. Recall that N is a tubular neighborhood of M of radius δ.
Y zN is a manifold with boundary M˜ , and CS11 restricted to Y zN is in general not gauge and
diffeomorphism invariant. Therefore, under a transformation in G, there will be a change in
the bulk M-theory partition function associated to the variation of CS11. This is the anomaly
inflow, which, if M-theory is anomaly-free, should cancel the contribution of the chiral fermions
and of the self-dual field on the M5-brane worldvolume.
A Chern-Simons functional, when considered on a manifold with boundaries, naturally
defines a line bundle with connection on the space of boundary data (see for instance [15]). In
our case, the boundary is M˜ and the boundary data can be taken to be the space of background
fields F . The holonomy of the Chern-Simons connection along a loop in the space of boundary
data is computed by evaluating the Chern-Simons functional on a mapping torus whose fiber
is the boundary. Therefore, the anomaly inflow is given by
1
2πi
ln holAInpcq “ lim
ǫ,δÑ0
CS11pMc, CˇM˜c , gM˜cq , (3.10)
where we made explicit that the Chern-Simons functional is to be evaluated on M˜c, endowed
with the C-field CˇM˜c and the metric gM˜c , in the adiabatic limit.
A simple way of evaluating the right-hand side of (3.10) is to use the manifold W˜ , whose
boundary is M˜c. The Chern-Simons functional on M˜c is then obtained by integrating the
corresponding characteristic form on W˜ , and we get
1
2πi
ln holAInpcq “ lim
ǫ,δÑ0
ż
W˜
ˆ
1
6
GW˜ ^GW˜ ^GW˜ ´GW˜ ^ I8
˙
, (3.11)
where the Pontryagin forms in I8 are the Pontryagin forms of TW˜ .
We now pick an arbitrary decomposition
GW˜ “ fW˜ ` π
˚FW , (3.12)
where fW˜ integrates to 1 on the 4-sphere fibers of W˜ , and FW is a degree 4 differential form
on W . Let us first plug the explicit expression (3.12) into (3.11). Leaving aside the limits, the
right-hand side of (3.11) readsż
W
π˚
ˆ
1
6
pfW˜ ` π
˚FW q
3 ´ pfW˜ ` π
˚FW q ^ I8
˙
, (3.13)
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where we decomposed the integral over W˜ into an integral over the fibers of W , written as a
push-forward π˚, and an integral over W . In order to compute the push-forward, we use the
relations
π˚pπ
˚pxqq “ 0 , π˚py ^ π
˚pxqq “ π˚pyq ^ x , π˚pfW˜ q “ 1 , (3.14)
valid for x P Ω‚pW q and y P Ω‚pW˜ q. We obtainż
W
ˆ
1
6
π˚pf
3
W˜
q `
1
2
π˚pf
2
W˜
q ^ FW `
1
2
F 2W ´ π˚pfW˜ ^ I8q ´ FW ^ π˚pI8q
˙
. (3.15)
As is explained in Appendix B, the Pontryagin classes of TW˜ appearing in I8 are pullbacks of
the Pontryagin classes of TW ‘ NW on W . This implies that we can integrate the 4th term
explicitly and that the last term vanishes. Using GW “
1
2
π˚pf
2
W˜
q ` FW , we obtainż
W
ˆ
1
6
π˚pf
3
W˜
q ´
1
8
π˚pf
2
W˜
q2 `
1
2
G2W ´ I8
˙
, (3.16)
where now the form I8 is constructed from the Pontryagin classes of TW ‘NW .
It remains to evaluate
1
6
π˚pf
3
W˜
q ´
1
8
π˚pf
2
W˜
q2 . (3.17)
This is most easily done by choosing fW˜ to be half the Euler form of the vertical tangent bundle
TV W˜ . This is a differential form which does not necessarily have integral periods, but which
does integrate to 1 over the fibers of W˜ . Lemma 2.1 of [28] shows that the first term is equal to
1
24
p2pNW q and that the second term vanishes. It is also easy to check that (3.17) is invariant
under fW˜ Ñ fW˜ ` π
˚H, for H any differential form on W . We therefore get for the global
anomaly inflow
1
2πi
ln holAInpcq “ lim
ǫÑ0
ż
W
ˆ
1
24
p2pNW q `
1
2
G2W ´ I8
˙
. (3.18)
3.4 Anomaly cancellation
We can now gather the contributions (3.5), (3.7) and (3.18) to the global anomaly, due re-
spectively to the fermions, the self-dual field and the inflow. After obvious cancellations, we
get
1
2πi
ln holATotpcq “ lim
ǫÑ0
ż
W
ˆ
´
1
2
If `
1
8
LpTW q `
1
24
p2pNW q ´ I8
˙
. (3.19)
But it was shown in [9] that these characteristic forms add to zero. Therefore the global anomaly
of the M5-brane vanishes, as long as the anomaly inflow contribution from the bulk is taken
into account.
There is one last point to discuss to make the cancellation of global anomalies clear. There
is in fact another source of global anomaly in the M-theory bulk, namely the gravitino, whose
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partition function is defined up to a sign. After a choice of sign is made, it can flip under a
large diffeomorphism, denoting the presence of a global anomaly. It was shown in [3, 4] that the
global anomaly of the gravitino cancels a global anomaly present in the M-theory Chern-Simons
term. How come we did not need to take the gravitino into account in the analysis above? This
comes from the fact that the global anomaly in 12 dimensions due to the gravitino is purely
gravitational. In our formalism, it would be given by the integral of a 12-dimensional index
density on W˜ involving only characteristic forms of the tangent bundle of W˜ . But we show
in Appendix B that any such characteristic form is a pullback from W . This implies that the
integral of the relevant index density on W˜ vanishes and the corresponding global anomaly does
not play a role in the anomaly cancellation for five-branes.
We have to emphasize that the anomaly cancellation check described above can be performed
only when the manifold W described in Section 2.6 exists. The obstruction to its existence is
given by the cobordism group ΩM512 described in Appendix C. If Ω
M5
12 does not vanish, the
check performed above is valid only for loops in F such that the associated mapping torus Mc,
together with its extra structure, corresponds to the trivial class in ΩM512 . We show in Appendix
C that ΩM512 vanishes modulo torsion, but we are currently unable to compute the full group.
This implies that a hypothetical global anomaly could affect only a finite number of homotopy
classes of loops.
A better strategy would be to check the anomaly cancellation directly on Mc, making the
existence of W unnecessary. All of the anomalies above can be expressed on Mc (essentially
in terms of eta invariants [1, 14, 19], as well as of an Arf invariant in the case of the self-dual
field [5]). The cancellation of the anomaly requires a rather non-trivial relation between these
invariants, which we do not currently know how to check directly. Note that a check of the
cancellation of global gravitational anomalies in the bulk of M-theory was performed along these
lines in [4].
A check of the cancellation of global gravitational anomalies of the M5-brane worldvolume
theory on a flat 6-dimensional torus was performed in [29]. The anomaly inflow from the bulk
was not taken into account in this reference, so it might seem surprising that no anomaly was
found. This can actually be traced back to the fact that only flat metrics were considered.
As the global anomaly vanishes, the global anomaly of the M5-brane worldvolume theory can
be expressed in terms the inflow contribution (3.18). For diffeomorphisms associated to the
elementary generators of the SLp6,Zq mapping class group of the 6-dimensional torus preserving
the flat metric, it is not very difficult to see that one can construct W with a flat metric. (3.18)
then obviously vanishes. For more general choices of metrics, however, an anomaly is present.
Let us also mention that the check we performed can be trivially extended to the NS5-branes
of type IIA string theory and of the E8 ˆ E8 heterotic string. Indeed, a type IIA background
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on a ten-dimensional spacetime X with NS5-branes wrapped on M Ă X can be lifted to M-
theory on Y “ X ˆ S1 with M5-branes wrapping M ˆ tpu Ă Y , for some p P S1. Similarly, an
E8 ˆ E8 heterotic background on X with NS5-branes wrapping M can be lifted to M-theory
on Y “ X ˆ I with M5-branes wrapping M ˆ tpu Ă Y , for some p P I. The cancellation of
global anomalies for the M5-brane therefore implies the cancellation of global anomalies for the
NS5-branes in type IIA and heterotic string theories.
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A The vanishing of the Euler class of the normal bundle
In this appendix, we show that given an oriented manifold X of dimension strictly smaller than
8 endowed with a rank 5 vector bundle N satisfying (2.6), then eˆpN q “ 0. Remark first that
as the rank of N is odd, we have 2eˆpN q “ 0. The vanishing of eˆpN q is equivalent to the
vanishing of its image in H5pM ;Z2q, which is given by w5pN q. We now show that w5pN q “ 0.
As w1pN q “ 0, we have the relation w5pN q “ Sq
1pw4pN qq, where Sq
1 is the first Steenrod
square operation. Moreover, as the dimension of X is smaller than 8, the fourth Wu class
ν4 “ w4pN q ` w2pN q
2 vanishes. This implies, using the properties of the Steenrod squares,
that
w5pN q “ Sq
1pw2pN q
2q “ 2w2Sq
1pw2pN qq “ 0 . (A.1)
If X has dimension 8 or more, there is no reason for w5pN q to vanish.
B The shifted quantization of the C-field
We show in this appendix that the restriction of the C-field defined by (2.10) has fluxes satisfying
a shifted quantization law. The shift is given by the Wu class of the worldvolume. This shifted
quantization law is necessary for the consistency of the coupling of the C-field to the self-dual
field on the M5-brane worldvolume, as shown in [9, 16, 7].
Recall that the Wu class of degree 4 is given in terms of the Stiefel-Whitney classes by
ν4pXq “ w4pXq`w
2
2pXq on an oriented manifold X. An integral cohomology class is an integral
lift of ν4 if its reduction modulo 2 coincides with ν4. Any Z2-valued cocycle representing ν4
can be seen as a R{Z-valued cocycle λˆ. We will say that a differential cocycle shifted by λˆ is
“shifted by the Wu class”. We refer the reader to Section 3.1 of [7] or to Section 3 of [17] for a
more detailed review of these notions.
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We now show that the M5-brane geometry described in Sections 2.2 and 2.3 implies that
(2.10) is a differential cocycle shifted by the Wu class. Let X be a smooth oriented manifold
endowed with a rank 5 vector bundle N such that
w1pTXq “ w1pN q “ 0 , w2pTXq ` w2pN q “ 0 , w5pN q “ 0 . (B.1)
We assume that TX ‘N is endowed with a metric and a spin structure. Let X˜
π
Ñ X be the
associated 4-sphere bundle. Characteristic classes over X˜ and X are related. We have the basic
relation
TX˜ ‘RX˜ “ π
˚pTX ‘N q , (B.2)
where R
X˜
denotes the trivial line bundle over X˜ . Therefore, the (stable) characteristic classes
of TX˜ are pullbacks of those of TX ‘N . In particular, X˜ is orientable and spin.
We also assume that X˜ is endowed with a differential cocycle CˇX˜ shifted by
1
4
pˆ1pTX˜q and
integrating to 1 on the 4-sphere fibers of X˜ . We define CˇX :“
1
2
π˚pCˇX˜ Y CˇX˜q. Let us write
CˇX˜ “ fˇ ` π
˚pCˇ 1q , (B.3)
where fˇ is a fixed unshifted differential cocycle, whose characteristic class defines a splitting
(2.9), and Cˇ 1 is a differential cocycle on X shifted by 1
4
pˆ1pTX˜q. Then CˇX is given explicitly by
(2.11). Witten showed in [16] that if fˆ is the characteristic cocycle of fˇ , then
π˚pfˆ Y fˆq “ w4pN q mod 2 . (B.4)
The vanishing of the Euler class of N is crucial to derive this result. It was also shown in [16]
that π˚pfˆ Y fˆq`
1
2
pˆ1pTX‘N q is a lift to integral cohomology of ν4pXq, the Wu class of degree
4 on X. Writing λˆX :“
1
2
π˚pfˆ Y fˆq `
1
4
pˆ1pTX ‘N q, we see that (2.11) implies that aCˇX “ λˆX
modulo 1, so CˇX is a differential cocycle shifted by the Wu class.
C The cobordism obstruction
C.1 Description of the cobordism obstruction
Let us recall that we have a 7-manifold Mc endowed with a rank 5 vector bundle Nc and a
differential cocycle CˇM˜c on M˜c, the 4-sphere bundle associated to Nc. The Stiefel-Whitney
classes of Mc and Nc satisfy the constraints (2.6), and the Euler class of Nc vanishes by
Appendix A. We want a manifold W with BW “Mc, endowed with a rank 5 vector bundle NW
and differential cocycle CˇW˜ on W˜ restricting to the corresponding structures on Mc. Moreover,
we want NW to satisfy (2.6) and its Euler class to vanish.
18
We construct the cobordism group using a simple extension of the Pontryagin-Thom con-
struction1, an accessible account of which can be found in [30]. We first find a classifying
spectrum C for the stable normal bundle of Mc as well as the topological data we want to
extend. The cobordism obstruction is then classified by a stable homotopy group of the Thom
spectrum TC.
Let us pick an embedding of Mc into S
n for some large n, and let ν be the normal bundle.
We embed Nc as a tubular neighborhood Nc of Mc in S
n. Let ν 1 be the normal bundle of Nc.
We have ν “ ν 1 ‘ Nc. The second constraint in (2.6) says that TMc ‘ Nc is spin, which is
stably equivalent to ν 1 being spin. We can therefore classify ν 1 by a map ν 1 Ñ ESpinpn´ 12q.
Nc is classified by a map cNc : Mc Ñ BSOp5q. But not any such map is acceptable,
because we want the Euler class of Nc to vanish. The Euler class can be seen as a map
e : BSOp5q Ñ KpZ; 5q. Vector bundle with vanishing Euler class are classified by the homotopy
fiber F of this map. F is a topological space (defined up to homotopy equivalence) fitting in
the short exact sequence
0 Ñ F
ι
Ñ BSOp5q
e
Ñ KpZ; 5q Ñ 0 . (C.1)
We have a universal bundle EF :“ ι˚pESOp5qq over F . Any map φ : X Ñ F determines
a bundle φ˚pEF q over X with vanishing Euler class and the homotopy classes of such maps
classify rank 5 bundles with vanishing Euler class.
We now turn to the C-field CˇM˜c on M˜c. As the Euler class of NW vanishes, we can find
a class integrating to 1 on the fibers of W˜ . The non-trivial part of the extension problem
therefore amounts to extending a degree 4 integral cohomology class from Mc to W . The
integral cohomology class associated to aCˇMc
is classified by a map from Mc into KpZ, 4q.
We see therefore that the data on Mc admits the classifying space
C “ BSpinpn´ 12q ˆ F ˆKpZ, 4q . (C.2)
Seeing KpZ, 4q as the zero-dimensional bundle over itself and taking the Thom space, we get
TC “MSpinpn´ 12q ^ TF ^KpZ, 4q` , (C.3)
where MSpin is the Thom spectrum of the Spin group, TF is the Thom space of EF and X`
is X with an added disjoint basepoint. If we now apply the Pontryagin-Thom construction, we
deduce that the relevant cobordism group is given by the stable homotopy group
ΩM512 “ lim
nÑ8
π12`npMSpinpnq ^ TF ^KpZ, 4q`q “ Ω˜
Spin
12 pTF ^KpZ, 4q`q . (C.4)
We can simplify this expression further. For any generalized homology theory E, E‚pXq “
E˜‚pX`q “ E˜‚pXq ‘E‚p˚q, where ˚ denotes a point and a tilde indicates the reduced homology
1We thank user nsrt on Mathoverflow for suggesting this contruction.
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group. Setting E to be the generalized cohomology theory corresponding to the spectrum
MSpin^ TF , we can write
ΩM512 “ E˜pKpZ, 4q`q “ E˜pKpZ, 4qq ‘ Ep˚q “ (C.5)
“ Ω˜Spin12 pTF q ‘ Ω˜
Spin
12 pTF ^KpZ, 4qq
In the following, we will show that ΩM512 vanishes modulo torsion. Ω
M5
12 can only have 2-torsion,
and we expect that the 2-torsion part should be computable using the Adams spectral sequence
following the ideas of Section 2 of [31]. Alternatively, it may be possible to compute it using the
Atiyah-Hirzebruch spectral sequence. However the computation looks far from straightforward
and we will not attempt to carry it out here.
C.2 Computation of ΩM512 modulo torsion
Over R, the Atiyah-Hirzebruch spectral sequence implies
Ω˜Spinp pXq bR “
pà
q“0
H˜qpX; Ω˜
Spin
p´q p˚q bRq . (C.6)
We now apply this formula withX “ TF . By the Thom isomorphism, H˜qpTF ;Rq » Hq´5pF ;Rq.
Moreover, ΩSpinp bR is non-vanishing only for p “ 0 and 4 if p is less than 8. We have therefore
Ω˜
Spin
12 pTF q bR “
7à
q“0
HqpF ; Ω˜
Spin
p´q bRq “ H3pF ;Rq ‘H7pF ;Rq (C.7)
To compute the real cohomology groups of F , we remark that HppKpZ; 5q;Rq vanishes except
in degree 5, and H3pBSOp5q;Rq “ H7pBSOp5q;Rq “ 0. The long exact sequence in homology
associated to the short exact sequence (C.1), reading
...Ñ Hp`1pKpZ; 5q;Rq Ñ HppF ;Rq Ñ HppBSOp5q;Rq Ñ HppKpZ; 5q;Rq Ñ ... , (C.8)
then implies that H3pF ;Rq “ H7pF ;Rq “ 0.
A completely similar computation shows that Ω˜Spin12 pTF ^KpZ, 4qq bR “ 0.
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